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Abstract. -■ We consider a Volovik's analog model for description of a topological defects 
in a superfluid and we investigate the scattering of quasiparticles in this background. The 
analog of the gravitational Aharonov-Bohm in this system is found. An analysis of this problem 
employing loop variables is considered and corroborates for the existence of the Aharonov-Bohm 
effect in this system. The results presented here may be used to study the Aharonov-Bohm 
'*■»» . effect in superconductors. 
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Some condensed matter systems that under certain conditions have a behavior similar to a 
gravitational system are denominated analog models. In recent years a series of analog models 
were developed. Unruh [1] proposed a sonic analog of black holes in a classical fluid, the so- 
called dumb holes. He started from the continuity and the Euler equations for a classical fluid 
and got a geometric description for the fluid equivalent to the black hole solution. This system 
has most of the known properties of a black hole, with the advantage that its basic physics 
is completely known. The most amazing result obtained by Unruh is that a non-relativistic 
Newtonian fluid propagating in a flat space plus the time is governed by the geometry of 
a Lorentzian (3 + l)-dimensional curved space. A variety of physical systems in condensed 
matter physics have been used as analog models: Bose-Einstein condensates [2], classical [1,3] 
and quantum fluids [4,5], moving dielectric media [6], non-linear electrodynamics [7], etc. 
In this letter we investigated the quantum dynamics of quasiparticles in the point of view of 
Volovik's analog model for quantum fluids. Earlier Volovik [8] investigated a radial disgyration 
as a cosmic string which would represent a topologically stable linear defect in 3 He — A. Thus, 
the radial disgyration provides only the "gravity" field which acts on the 3 H e — A fermions 
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with the space-time line element given by 



ds 2 = -dt 2 + \dz 2 + \\dr 2 + ^r 2 dcf> 2 }, (1) 



where c\ and C2 represent respectively the "speed of light" orthogonal and parallel to the 
gap nodes direction in momentum space, here also [c\ « 02) in the supcrfhiid. This geom- 
etry possess a conical singularity if c\ does not coincide with C2, this conical singularity is 
represented by the following curvature tensor R^'j, — ((1 — a)/4:Ga))62(r), where 82(f) is the 
two-dimensional delta function, and a = C2/C1. This behavior of curvature tensor is denomi- 
nated conical singularity [9]. The conical singularity gives rise to the curvature concentrated 
on the disgyration axis. This metric as has been pointed out in Volovik's work is similar 
to the one of a cosmic string. A crucial difference is the fact that, for a disgyration metric, 
one has a > 1 and, in the cosmic string case the parameter a is smaller than 1. This is 
related to the linear mass density /i by a = 1 — 4G/i. Values of a > 1 in gravitation are not 
physically accepted, but in condensed matter this "antigravitating" string can exist in defects 
in solids [10] and in topological defects in supcrfluid helium. In recent years a geometrical 
description of defects in solids was presented in the references [10, 11]. In this formalism the 
defect formation can be viewed as a "cut and glue" process, known in literature as the Volterra 
process. The disclination is obtained by either removing or inserting material in the medium. 
In the present case disgyration can be viewed as a defect produced by inserting material in the 
medium in contrast with a cosmic string that, in this picture, can be produced by removing 
material. In this way the analog model for disgyration tells us that this defect represents an 
antigravitating string. 

In a metric theory of gravitation, a gravitational field is related to a nonvanishing Ricmann 
curvature tensor. However, the presence of localized curvature can produce effects on the 
geodesic motion and parallel transport in regions where the curvature vanishes. The best 
known example of this non-local effect is provided when a particle is transported along a 
closed curve which encircles an idealized cosmic string [12]. This situation corresponds to the 
gravitational analogue [13] of the electromagnetic Aharonov-Bohm effect [14]. These effects 
are of non-local origin rather than local and may be viewed as a manifestation of the nontrivial 
topology of the spacetime of a cosmic string. It is worth calling attention to the fact that, 
differently from the electromagnetic Aharonov-Bohm effect, which is essentially a quantum 
effect, its gravitational analogue appears also at a purely classical level. Thus, in summary, 
the gravitational analogue of the electromagnetic Aharonov-Bohm effect, in this context, is 
the following: particles constrained to move in a region where the Riemann curvature tensor 
vanishes may exhibit a gravitational effect arising from a region of nonzero curvature from 
which they are excluded. 

We also have an analogue of the gravitational Aharonov-Bohm effect when particles are 
constrained to move in a region where the Riemann curvature docs not vanish, but does 
not depend on certain parameters such as the angular momentum, as in the case a weak 
gravitational field arising from a rotating massive body (cylindrical shell) [15] which we are not 
considering in this paper. In this situation, we can have gravitational effects associated with 
this parameter, namely, an analogue of the gravitational Aharonov-Bohm effect. The existence 
of gravitational Aharonov-Bohm effect in rotating cosmic string was predicted by Mazur [16], 
he has shown that particles couple to angular momentum density in the string, even though the 
particle is constrained only to move outside the string core where the Ricmannian curvature 
vanishes identically. Burgers [17] and Bezerra [18] examined the effects of a parallel transport 
of vectors and spinors both around a point-like solution and a cylindrically symmetric cosmic 
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string. This procedure gives, in general, non-trivial results. These effects point out to the 
gravitational analogue Aharonov-Bohm effect. 

The aim of this letter is to investigate, via holonomy transformations, the gravitational [13, 
18, 19] Aharonov-Bohm [14] effect for quasiparticles in the presence of a disgyration in the 
point of view of Volovik's analog models for supcrfiuids. The gravitational analog of the 
Aharonov-Bohm effect was well investigated for quantized vortices in superfluid. This defect 
play a role of the spinning cosmic string [16] and has angular momentum. In the present case 
the defect docs not possesses angular momentum and the Aharonov-Bohm effect arise; from 
the conical singularity in the curvature. 

Now, we employ holonomy transformation to study the Aharonov-Bohm effect in the back- 
ground of a disgyration. In the early sixties Mandelstam [20] proposed a new formalism for 
electrodynamics and gravitation in which the fields depend on the paths rather than on space- 
time points. The fundamental quantity that arises from this path-dependent approach, the 
non-integrable phase factor [21] (loop variable) represents the field more adequately than the 
field strength does. In the application of this formalism to the theory of gravity Mandel- 
stam [20] established several equations involving the loop variables. Some years later Voronov 
and Makeenko [22] showed the equivalence between the equations obtained using this approach 
and Einstein's equations. The quantities we shall consider are the gravitational loop variables 
and corresponding holonomics of the Christoffcl connection or of the spin connection. Keeping 
the local fields as the fundamental dynamical variables, we shall compute the loop variables 
in different cases in order to learn about their behavior and their geometrical meaning. The 
loop variables in the theory of gravity are matrices representing parallel transport along paths 
in a space-time with a given affine connection. When a vector is parallclly propagated along 
a loop in a manifold M, the curvature of the manifold causes the vector, initially at p £ M, to 
appear rotated with respect to its initial orientation in tangent space T P M, when it returns to 
p. The holonomy is the path dependent linear transformation T P M—>T P M responsible for this 
rotation. Positive and negative curvature manifolds, respectively, yield deficit or excess angles 
between initial and final vector orientation under parallel transport around such loops. They 
arc defined as the limit of an ordered product of matrices of infinitesimal parallel transport 
as 

N 

u?(c yx -,r) = JJ(^_, - r^ pii (x 4 )^), (2) 

where xo = x, p = v 1 Xn = y, Pn = P, dxi = (pa — Xi-i)/s. The points Xi lie on an oriented 
curve C yx starting at the x and ending at the point y. The parallel-transport matrix Ujf is a 
functional of the curve C yx as a geometrical object. The disgyration metric can be written as 
ds 2 = r] a be a <X> e 6 , where the dual 1-form basis are defined by e a = e^dx^. So, introducing an 
appropriate basis 

(3a) 
(3b) 

(3c) 

(3d) 



e° = 


= dt, 


e 1 = 


cos 4> t sin <f> 
= dr d<p. 

C2 Cl 




sine/) rcos<j) 
= dr H dcp. 

C2 Ci 


e 3 = 


dz 



Cl 



In this way the metric is written as ds 2 = (e ) 2 — (e 1 ) 2 — (e 2 ) 2 — (e 3 ) 2 . We need to determine 
the 1-form connection uii in order to find the holonomy transformations for the "space-time" 
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of a disgyration. The 1-form connection satisfies the Cartan's structure equation, T a = 
de a +WjAe', where T a is the 2-form torsion. Using the fact that the correspondent geometry 
of a disgyration is torsion-free, we find the unique non null 1-form connection 

u\ = -w? = (l - ^J d(f>. (4) 

This result takes us to the following spin connection for the " space-time" of a disgyration 



f° 





\ 








-(fr- 1 ) ° 





(--1) 





Vo 





/ 



(5) 



Note that this matrix Y ^ can be written in terms of the generator of rotation J\i about 
the z-axis r^ = i I ^- — 1 J Jyi- We note that, if the velocities coincides c\ = C2, the conical 
singularity in the origin is broken, henceforth the geometry of a disgyration is flat in all regions 
of "space-time" . Let us analyze the parallel transport of vectors around closed curves that 
contains the singularity. The holonomy transformation (J2J for closed curves is defined by 



U{"f) = V exp 



dxT^x) 



(6) 



where V is the order operator. From eq.© we can construct the invariants which involve 
the holonomy group. This group measures the deviation of the space from global flatness. 
The basic invariant associated with the matrix U{^) is its trace. This quantity provides 
information about the geometric and physical structure of the space-time. In our case the 
unique contribution to the holonomy is provided by the azimuthal spin connection. Thus, we 
may write: 1/(7) = V exp {— § T^dcf) . Making the expansion of this expression and noticing 
that we are always able to write the exponents of upper order in the T,p and r? terms, the 
above equation can be written in the following way 



C(7*) = 1 - 



c 2 /ci - 1 



sin [27r(c2/ci — 1) 



r 



(C2/C1 - 1) 2 



{l-cos([27r(ca/ci-l))]} (7) 



Alternatively one can express the holonomy in a matrix form 



U(l4,) 



( 1 

cos27r(c2/ci — 1) 

— sin27r(c2/ci — 1) 
\ 



\ 

sin27r(c2/ci — 1) 

cos27r(c2/ci — 1) 

1 / 



(8) 



This matrix can be interpreted as the rotation generator around the z-axis. It is well known 
that when C2 = ci, the holonomy is trivial, But we expect that, when C2 ^ ci, the holonomy 
would be always nontrivial and the deficit angle is given by C2/C1 — 1. But there exists certain 
values of the ratio C2/ c\ in terms of the number of loops n and an integer m that makes the 
holonomy trivial [23]. This ratio is given by: c%/c\ = 1 + m/n. Therefore, from eq.JSJ) we 
conclude that when a vector is parallely transported along a closed curve surrounding the 
string, the transported vector acquires a non-zero phase factor. This non-trivial phase is an 
expression of the gravitational Aharonov-Bohm effect. This effect might be understood in 
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terms of the global aspects of the underlying space-time manifold. In this way we obtain the 
phase acquired by quasiparticles in the background of a disgyration in a superfluid. The deficit 
angle x obtained when we compare the final and initial position of the parallel transported 
vector is given by cosxa = U^, where A is a tetradic index. The terms of non vanishing 
angular deviations occur when A = 1 and 2, so we have cosxior2 = cos(27r(c2/ci — 1)) or 
lxior2| = |27r(c2/ci — 1) + 2im\. For 2-k{c2Jc\ — 1) — ► when ci = c\ we must have xior2 — ► 0, 
so we choose n = 0, which leads to 

|Xlor2| = |27T(c 2 /ci-l)|. (9) 

The above expression shows that for 2ir(c2/ci — 1) ^ 0, if we parallel transport a vector around 
a closed path, the final vector does not coincide with the original vector. This physical effect 
could be understood as a gravitational analogue of the Aharonov-Bohm effect. We saw in © 
that there will be no Aharonov-Bohm effect if 27r(c2/ci — 1) is an integer. This conditions is 
not always satisfied, because 27r(c2/ci — 1) is not necessarily an integer. In fact, it can assume 
an arbitrary value. There are similarities of this effect with the Aharonov-Bohm effect in the 
cosmic string case [17,18]. The crucial analogy occurs in the fact that the spacetime exterior to 
the cosmic string has null Riemann tensor. In this way when we transport the wave function, 
\&, around the defect we obtain the following result *&' = U( , y)'$. This relation provided the 
phase obtained by the wave function when it is transported around the defect. This result 
could be seen as the Aharonov-Bohm effect. This result can be used to describe the Aharonov- 
Bohm effect in other media with defects. For example, a class of defects studied by Volovik: 
vortex with fractional quantum number, N = 1/2 in chiral superfluid and N = 1/2 and 
N = 1/4 in chiral superconductors. In 3 He — A the vortex with half integer N = 2m/h § dr-\r s 
results of the combination of the 7r-disclination in d and a n- vortex. This defect is characterized 
with a condensed matter analog of the Alice string [24] in particle physics. The quasiparticles 
going around a 1/2 vortex flips its U(1) S3 charge, its spin. This fact is responsible by global 
the Aharonov-Bohm [25, 26] effect in 3 He — A. The contribution of global Aharonov-Bohm 
effect of a 7r-disclination is given by U(^f) and the global Aharonov-Bohm effect is given by 
a global phase factor. We analyze now the defect in a superconductor that combines the 
fractional flux trapped by loops of monocrystal with tetragonal symmetry In this case the 
deformation contributes to the superfluid current and thus to the angular momentum of the 
source, this contribution has been added to the spin connection. The defect is represented 
by a 7r/2 disclination and the flux is contained inside the disclination core. We use here the 
same notation due to Volovik [27] that the flux carried by a conventional N — 1 abrikosov 
vortex in a conventional superconductor is ^$o where $o = hc/e. Our approach used in the 
disgyration case can be used to describe the parallel transport of a vector in the background 
of a disclination in a superconductor lattice. The metric that describes the disclination in a 
crystal is similar to the disgyration metric were the parameter a = c%/c\ in disgyration metric 
is substituted by a = 1 ± X/2n, were A is the angular sector removed or inserted by creation 
of the disclination. In this way the holonomy due to the disclination is equal to expression 
J5J were we substituted the parameter a of the disgyration by the correspondent parameter 
of the disclination. But this defect is a combination of the vortex with a disclination. The 
vortex contribution to holonomy is due to a vector potential A = (mc/e)v s and to a magnetic 
flux J dS ■ B = § dr ■ A = (rac/e) § dr ■ v s = (A r /2)$o- In this way we introduce a global 
contribution to the holonomy due to the vector potential given by a global Aharonov-Bohm 
phase e l $ A ( r )' dr [27]. A new contribution can be included in this holonomy due to a internal 
flux in the defect that represents the vorticity of the defect. In this way 

V = e i f A(r) - dr U{j)-$, (10) 
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where A = (mc/e)v s for a supeconductor. For the case of a 7r/2-disclination the matrix of 
parallel transport is given after n loops around of superconductor vortex is given by 



U{l<t>) = 



/ 1 0\ 

cos^f -sin^ o 

sin^ C os if 

\ 1 / 



(11) 



The matrix Qllj l gives the phase that a vector has when transported in a loop around of 
disclination. This is a geometric contribution to the Aharonov-Bohm effect. The vortex with 
N = 1/2 in a superconductor has been observed in a high-temperature superconductor [28]. In 
this case we have a contribution of the vector potential and a geometric contribution of the n/2- 
disclination. For a fractional vortex with N — 1/2, in a superfluid, we have two contribution: 
one due to the global Aharonov-Bohm effect [25,26] and the other to a global Aharonov-Bohm 
effects due the geometrical aspects of crystal deformation caused by 7r-disclination. 

In this letter we investigate a quasiparticle in the presence of disgyration by making use 
of holonomy transformations. Analyzing equation (jSJ) we note that, for c± = C2, the holonomy 
is trivial, but otherwise the holonomy matrix is not trivial, characterizing the gravitational 
analogue of the Aharonov-Bohm effect for phonons in a superfluid. The conical nature of the 
background "space-time" that describes the disgyration is responsible by the "gravitational" 
Aharonov-Bohm for quasiparticle in this system. This fact can be used to investigate this 
phenomenon in laboratory. This type of Aharonov-Bohm effect is characterized by: in the 
external region of the defect where the curvature is null, a characteristic of conical singularities, 
the holonomy demonstrates that the vectors acquires a angle when parallely transported 
around the defect. Note that in the present case the nontrivial "space-time" structure, which 
is locally flat but globally not equivalent to a Minkowski space-time, is responsible by the 
non-local aspect of the gravitational analogue of the Aharonov-Bohm effect. Notice that 
this effect is similar to the effect experimented by particles in the background of a cosmic 
string, well known as the gravitational Aharonov-Bohm effect [13,18]. In contrast with the 
vortex case where, the analogy with the spinning cosmic string [16] demonstrated that the 
angular momentum is responsible by the gravitational Aharonov-Bohm effect [5,29]. In the 
disgyration case the Aharonov-Bohm effect is a global effect due to topological properties of 
the conical space-time. We claim that this formalism can be used to analyze the Aharonov- 
Bohm effect in a chiral superconductor and a chiral superfluid. We introduce the holonomy 
of these defects considering the contribution of the gauge field and the geometric contribution 
of disclinations. The contribution to the holonomy given by the internal flux was introduced 
ad-hoc, considering that this contribution is well known in the literature. In contrat with this 
defect in the disgyration case, "electromagnetic" effects of the 1-field is absent, and one a has 
pure gravitational field [30]. This happens if the "magnetic" (V x I = 0) field is absent. In this 
way the spin connection does not give any contribution to this magnetic field and consequently 
to the Aharonov-Bohm effect. This approach can also be used to analyze the geometric phase 
for phonons in the presence of a vortex in a superfluid. Examples of this type demonstrate 
the power of condensed matter systems as analog models for general relativity. 
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